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1. INTRODUCTION
Ž .Let a be an arbitrary positive real number, and let f t be a function
w xabsolutely continuous in ya, a . Then Heisenberg’s inequality can be
written in the form
2q‘ q‘ q‘2 2 22f t dt F 4 t f t dt f 9 t dt. 1Ž . Ž . Ž . Ž .H H Hž /y‘ y‘ y‘
This is the well-known uncertainty relation in classical quantum me-
Ž w x.chanics see 1 . However, if we select a proper real number A and then
Ž .write the right-hand side of 1 as
q‘ q‘2 22 24 t f t dt f 9 t dt y A ,Ž . Ž .H H
y‘ y‘
Ž .then it will offer a refined form of 1 . This will be useful in investigation
of quantum mechanics. In this paper we shall give the expression for A
and its applications.
For convenience, we need to introduce some concepts and define a
function.
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Let E be an inner product space, and let a and b be two given vectors
of E. Define a binary function by
5 5 2 2 5 5 2 2F x , y s a x y 2 a , b xy q b y , 2Ž . Ž . Ž .
Ž .where a , b indicates the inner product of the vectors a and b. A norm
25 5 Ž . Ž .'of the vector a is denoted by a s a , a . If f t g L a, b , then theŽ .
norm of the function f is defined by
1r2
b 25 5f s f t dt .Ž .Hž /a
We shall frequently use such notation below.
2. LEMMAS
In order to prove our theorems, we need to show the following lemmas:
Ž . Ž .LEMMA 1. Let F x, y be a function defined by 2 . If the ¤ectors a and
b are linearly independent, then
25 5 5 5F x , y G a x y b y , x , y g R .Ž . Ž .
The equality holds if and only if x s 0 or y s 0.
Proof. By the assumption, if the vectors a and b are linearly indepen-
dent, then the Cauchy]Schwarz inequality can be written in the form
5 5 5 5a , b - a b .Ž .
Hence, we have
5 5 2 2 5 5 2 2F x , y s a x y 2 a , b xy q b yŽ . Ž .
25 5 5 5G a x y b yŽ .
and the equality holds if and only if x s 0 or y s 0.
LEMMA 2. Let a , b , and g be three ¤ectors of E. If a and b are linearly
5 5independent, and g s 1, then
22 2 25 5 5 5 5 5 5 5a , b F a b y a x y b y , 3Ž . Ž .Ž .
Ž . Ž . Ž .where x s b , g and y s a , g . The equality in 3 holds if and only if the
¤ector g is a linear combination of ¤ectors a and b , and x s 0 or y s 0.
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Proof. Consider Gram’s determinant of the form
a , a a , b a , gŽ . Ž . Ž .
b , a b , b b , gŽ . Ž . Ž .G a , b , g s . 4Ž . Ž .
g , a g , b g , gŽ . Ž . Ž .
w xIn the paper 2 it has been proved that
G a , b , g G 0Ž .
and the equality holds if and only if a , b , and g are linearly dependent.
By the assumption, the vectors a and b are linearly independent; hence
the equality holds if and only if the vector g is a linear combination of the
vectors a and b.
Ž .Expanding the determinant of the right-hand side of 4 and using the
5 5condition g s 1, we have
22 25 5 5 5a b y a , b y F x , y G 0, 5Ž . Ž . Ž .
Ž . Ž . Ž .where F x, y is the function defined by 2 , and x s b , g and y s
Ž . Ž . Ž .a , g . By virtue of 5 and Lemma 1, the inequality 3 is obtained
immediately.
Ž5 5 5 5 .2 Ž .If the term a x y b y in 3 is replaced by zero, then the
Cauchy]Schwarz inequality is obtained. Since the vectors a and b are
2 2 Ž5 5 5 5 .2linearly independent, if x q y G 0, then a x y b y ) 0. Conse-
Ž .quently the inequality 3 is an improvement of the Cauchy]Schwarz
inequality.
In this paper we need the following result:
Ž . Ž . Ž .LEMMA 3. Let F x, y be a function defined by 2 , where x s b , g
Ž . 5 5and y s a , g . If the ¤ectors a and b are linearly dependent, and g s 1,
Ž .then F x, y s 0.
ŽProof. Without loss of generality, we assume that b s ka k g R,
. Ž . Ž . Ž .k / 0 . Then x s ka , g and y s a , g . Substituting them into 2 , we
Ž .have F x, y s 0 after some simple computations.
Ž . Ž . 2Ž . Ž . Ž .Let u t , ¤ t g L a, b . Define an inner product of u t and ¤ t by
b
u , ¤ s u t ¤ t dt. 6Ž . Ž . Ž . Ž .H
a
Ž .With the help of 3 we have an inequality of the form
2
b 22 25 5 5 5 5 5 5 5u t ¤ t dt F u ¤ y u x y ¤ y , 7Ž . Ž . Ž .Ž .Hž /a
b Ž . Ž . b Ž . Ž .where x s H ¤ t h t dt and y s H u t h t dt.a a
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Ž .The choice of h t need only satisfy the following condition:
b2 2h t s h t dt s 1. 8Ž . Ž . Ž .H
a
Ž . Ž . Ž .It is obvious that, if h t is orthogonal to both u t and ¤ t , then
Ž5 5 5 5 .2 Ž .u x y ¤ y s 0. Therefore it is shrewd in every case to choose h t
Ž . Ž .not orthogonal to both u t and ¤ t .
Ž .Finally, we point out that the interval a, b can be a finite interval and
can also be an infinite interval.
3. MAIN RESULTS
Ž . w xTHEOREM 1. Let f t be absolutely continuous in the inter¤al ya, a for
any a ) 0. Then
2q‘ 2 2 2 25 5 5 5f t dt F 4 u ¤ y A , 9Ž . Ž .Hž /y‘
Ž5 5 5 5 . 5 5 2 q‘ 2 < Ž . < 2 5 5 2 q‘ < Ž . < 2where A s 2 u x y ¤ y , u s H t f t dt, ¤ s H f 9 t dt,0 0 y‘ y‘
q‘ 2 q‘ 2Ž < Ž . < . Ž < Ž . < .' 'x s H tf t r 1 q t p dt, and y s H f 9 t r 1 q t p dtŽ . Ž .0 y‘ 0 y‘
Ž . Ž . yc 1 t 2 Žare all finite. And the equality in 9 holds if and only if f t s Ce with
.c ) 0 , or1
2' 1 q t p s c tf t q bf 9 tŽ . Ž . Ž .Ž .
and x s 0 or y s 0, where C, c , c and b are constants.0 0 1
Proof. Applying the integration by parts we have
q‘ q‘2
f t dt s f t f t dtŽ . Ž . Ž .H H
y‘ y‘
q‘
s y t f 9 t f t q f t f 9 t dtŽ . Ž . Ž . Ž .Ž .H
y‘
q‘
F 2 tf t f 9 t dt. 10Ž . Ž . Ž .H
y‘
Ž . Ž . Ž .Let u s tf t and ¤ s f 9 t . According to the inequality 7 we obtain
2q‘ 22 2< < < < 5 5 5 5 5 5 5 5u ¤ dt F u ¤ y u x y ¤ y , 11Ž .Ž .Hž /y‘
q‘ < Ž . < < Ž . < q‘ < Ž . < < Ž . <where x s H f t h t dt and y s H tf t h t dt.y‘ y‘
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We may choose a function defined by
2'h t s 1r 1 q t p , t g y‘, q‘ .Ž . Ž . Ž .
Evidently, we have
2q‘2 2'h t s 1r 1 q t p dt s 1.Ž . Ž .H
y‘
Hence
q‘
2'x s f 9 t r 1 q t p dtŽ . Ž .H ž /0
y‘
and
q‘
2'y s tf t r 1 q t p dt ,Ž . Ž .H ž /0
y‘
whence
2q‘ 22 2< < < < 5 5 5 5 5 5 5 5u ¤ dt F u ¤ y u x y ¤ y . 12Ž .Ž .H 0 0ž /y‘
Ž . Ž . Ž .It follows from 10 and 12 that the inequality in 9 is valid.
Ž .It remains to show only under what cases the equality in 9 holds.
Ž . Ž . Ž . Ž Ž ..If u t and ¤ t are linearly dependent, i.e., f 9 t s k tf t , where
k g R and k / 0, then by solving this differential equation we obtain
f t s CeŽ1r2.k t 2 ,Ž .
where C is an arbitrary constant.
< Ž . < Ž .Notice that the function f t is integrable in y‘, q‘ ; hence k - 0.
1 < <Let c s k . Then we have1 2
f t s Ceyc1 t 2 c ) 0 .Ž . Ž .1
Ž .On the other hand, by Lemma 3 we have F x, y s 0, whence A s 0,
Ž . Ž Ž .. Ž .when f 9 t s k tf t . In other words, the equality contained in 9 holds
Ž . yc 1 t 2 Ž .when f t s Ce with c ) 0 .1
Ž . Ž . 2 Ž 2 2If u t and ¤ t are linearly independent, then A ) 0 x q y ) 0; see0 0
. Ž .Remark . When h t is a linear combination of u and ¤ , i.e.,
'1r 1 q t p s a u t q b ¤ t ,Ž . Ž . Ž .Ž . Ž .
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where a and b are constants, and x s 0 or y s 0, it follows from Lem0 0
Ž .ma 2 that the equality in 9 is also valid.
Thus, we complete the proof of the theorem.
2 2 Ž .Remark. If x q y s 0, then we may choose other h t , such that0 0 1
5 Ž .5 2 2h t s 1 and x q y ) 0, for example,1 1 1
1r4 2yŽ1 r2. th t s 1rp e , etc.,Ž . Ž .1
2 Ž . Ž .whence we have A ) 0 provided that tf t and f 9 t are linearly indepen-
Ž . Ž .dent. Therefore the inequality in 9 is an improvement of 1 .
Ž . Ž . 2Ž .THEOREM 2. Let u s tf t and ¤ s f 9 t , u, ¤ g L 0, q‘ . Suppose
Ž . Ž .f 0 s lim f t exists; thent “ 0
2q‘ 22 22 5 5 5 5 5 5 5 5f t dt F 4 u ¤ y 4 u x y ¤ y , 13Ž . Ž .Ž .H 0 0ž /0
where
q‘ 21r4 yŽ1r2. tx s 4rp f 9 t e dtŽ . Ž .H0
0
and
1r4y s 4rp f 0 q x .Ž . Ž . 0
Proof. The proof is similar to the proof of Theorem 1. We need only
give the expressions for x and y .0 0
We choose the function defined by
1r4 2yŽ1 r2. t wh t s 4rp e , t g 0, q‘ .Ž . Ž . .
It is easy to deduce that
q‘ q‘ 22 2 yt'h t s h t dt s 2r p e dt s 1.Ž . Ž . Ž .H H
0 0
Hence
q‘ q‘ 21r4 yŽ1r2. tx s ¤ t h t dt s 4rp f 9 t e dtŽ . Ž . Ž . Ž .H H0
0 0
and
q‘ q‘ 21r4 yŽ1r2. ty s u t h t dt s 4rp tf t e dt .Ž . Ž . Ž . Ž .H H0
0 0
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Using the integration by parts we have
‘ q‘2 2yŽ1 r2. t yŽ1r2. tf t ? te dt s f 0 q f 9 t e dt ,Ž . Ž . Ž .H H
0 0
Ž .1r4 Ž .whence y s 4rp f 0 q x .0 0
Thus the theorem is proved.
Ž .COROLLARY 1. With the same assumption as in Theorem 2, and f 0 s 0,
2q‘ 22 22 25 5 5 5 5 5 5 5f t dt F 4 u ¤ y 4 x u y ¤ , 139Ž . Ž . Ž .H 0ž /0
Ž .1r4 q‘ Ž . yŽ1 r2. t 2where x s 4rp H f 9 t e dt.0 0
Ž5 5 5 5 .2 Ž .If the term 4 u x y ¤ y in 13 is replaced by zero, then Weyl’s0 0
Ž w x.inequality see 3, pp. 614]615 is obtained after some simplifications.
Namely
1r2 1r2q‘ q‘ q‘ 22 2 2f t dt F 2 t f t dt f 9 t dt . 14Ž . Ž . Ž . Ž .Ž .H H Hž / ž /0 0 0
Ž . Ž .The inequalities 13 and 139 are obviously improvements of Weyl’s
inequality.
With the help of Theorem 2 we may establish a new inequality.
Ž . Ž . 2w .THEOREM 3. Let u s tf 9 t and ¤ s f 0 t , u, ¤ g L 0, q‘ . If
Ž . Ž .f 9 t f 0 t F 0, then
2q‘ q‘ q‘2 2 2 2f 9 t dt F 4 f t y f 0 dt f 0 t dt y A ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .H H Hž /0 0 0
15Ž .
where
5 5 5 5A s 2 u x y ¤ yŽ .0 0
q‘ 21r4 yŽ1r2. tx s 4rp f 0 t e dtŽ . Ž .H0
0
and
1r4y s 4rp f 9 0 q x .Ž . Ž .0 0
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Ž .Proof. Using the inequality 13 , we obtain
2q‘ 22 2 25 5 5 5 5 5 5 5f 9 t dt F 4 u ¤ y 4 u x y ¤ y . 16Ž . Ž .Ž . Ž .H 0 0ž /0
Ž .Similarly to the proof of Theorem 2, we get x and y of 15 .0 0
It remains to show only that
tf 9 t F f t y f 0 . 17Ž . Ž . Ž . Ž .
Ž .Applying Taylor’s formula to f u we obtain
2f u s f t q f 9 t u y t q 1r2 f 0 j u y t , j g 0, t .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Setting u s 0, we obtain after some simplification that
tf 9 t s f t y f 0 q 1r2 f 0 j t 2 , j g 0, t . 18Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Since f 9 t f 0 t F 0, it follows from 18 that
0 F tf 9 t - f t y f 0 , if f 9 t G 0Ž . Ž . Ž . Ž .
and
0 G tf 9 t ) f t y f 0 , if f 9 t - 0.Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Hence the inequality 17 is valid. By virtue of 16 and 17 , it follows
Ž .that the inequality 15 is valid. We therefore complete the proof of the
theorem.
Ž .COROLLARY 2. With the same assumptions as in Theorem 3, if f 0 s 0,
then
q‘ q‘ q‘2 22 2f 9 t dt F 4 f t dt f 0 t dt y A , 19Ž . Ž . Ž . Ž .Ž . Ž .H H Hž /0 0 0
Ž5 5 5 5 .where A s 2 u x y ¤ y0 0
q‘ 21r4 yŽ1r2. tx s 4rp f 0 t e dtŽ . Ž .H0
0
Ž .1r4 Ž .and y s 4rp f 9 0 q x .0 0
2 Ž .If the term A in 19 is replaced by zero, then the Hardy]Littlewood
Ž w x.inequality is obtained see 3, p. 633 .
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